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The Rarita-Schwinger equation in a curved background and an external electromagnetic field 
is discussed. We analyse the equation in the 2-component spinor formalism and derive Buchdahl 
conditions for them. The result is that the equation can consistently be imposed only on Einstein 
manifolds with vanishing electromagnetic field. 
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^ ; I. INTRODUCTION 

O ; 

, The Rarita-Schwinger equation ||l|| has a number of peculiar properties. In the massless case the equation can be 
' regarded as one of Dirac's relativistic wave equations ||^ for particles with spin 3/2. Fierz 1^, § had pointed out 
] that there exist hierarchies of such equations which describe the same one-particle states. One can move within the 
■ hierarchy by taking appropriate derivatives. In this sense the Rarita-Schwinger field is related to the usual zero rest 
mass field equation for spin 3/2 |^ by one derivative. Fierz also observed that in general the solutions of these equations 
are not unique but only defined up to 'gauge solutions' which do not contribute to the energy and angular-momentum 
expressions constructed from the fields. This is the case also for the massless Rarita-Schwinger field. 
T— I ,, A solution of the massless Rarita-Schwinger equation gives rise to such a 'potential modulo gauge' description of a 
J> ' spin 3/2 field in close analogy to the Maxwell (i.e. the spin 1) case, where the electromagnetic field can be obtained 
from a potential which itself satisfies but is not completely determined by a field equation. There is still a gauge 
' freedom present which must be fixed before the potential can be uniquely determined by its field equation. 
1^ I While the (direct) formulation for a spin 3/2 field in terms of the conventional zero rest mass equation becomes 
j <~>) . inconsistent in any conformally curved space-time (see e.g. ^) this is not so for the 'potential modulo gauge' descrip- 
' tion. Here again there are consistency conditions to be satisfied but in this case they involve only the Ricci tensor. 
, This is a remarkable fact because the Rarita-Schwinger equation seems to be the only system of spinor equations 
where only the Ricci tensor appears in the obstruction to consistency. Thus, the vacuum Einstein equations can be 
considered as being 'integrability conditions' for the massless Rarita-Schwinger equation. This observation has been 
I ■ one motivation for an attempt to reconcile twistor theory with arbitrary (vacuum) space-times |^. It also plays a 
1^ [ fundamental role in the theory of super-gravity. 
d • The massive case has been studied by various authors, in particular, by Velo and Zwanziger ^ who discuss the 
^ ' massive Rarita-Schwinger field coupled to an external electromagnetic field and by Madore [|| who in addition coupled 
. . the field to a linearized gravitational field. Their result is that in these circumstances the Rarita-Schwinger field seems 
to propagate acausally in the sense that the characteristics of the equation become space-like so that information 
about the field configuration can travel at speeds larger than the speed of light. This effect has been termed the 
' 'Velo-Zwanziger phenomenon'. 
a ^ In this paper we offer a new analysis of the massive Rarita-Schwinger equations on a curved background in an 
exterior electromagnetic field. The plan of the paper is as follows: in sect. II we first translate the equations into the 

2- component spinor formalism decomposing fields and equations into irreducible parts. Then, in sect. |l| we derive the 

3- 1-1 decomposition of these equations in the special case of fiat Minkowski space-time and vanishing electromagnetic 
field using the space-spinor formalism. We show that the fields are necessarily undetermined. While in the massless 
case the indeterminacy can be circumvented this is no longer true in the massive case. Furthermore, in sect. IV we 
derive Buchdahl conditions for the equations which show that consistency of the equations holds only in Einstein 
spaces with no electromagnetic field. This is in contrast to the earlier results because it implies that there is no 
Velo-Zwanziger phenomenon because one cannot couple the field consistently to a electromagnetic field in the first 
place. 
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II. TRANSLATION TO 2-COMPONENT SPINORS 

The Rarita-Schwinger equation [|| in an external electromagnetic field was formulated in |0| in terms of Dirac 
spinors: 

(ir.v-i?)/v, = o. (1) 

Here, ipd is a 1-form taking values in a 'charged bundle' of Dirac spinors over space-time Ai. This is the usual Dirac 
bundle equipped with an action of the group U{1). Correspondingly, the space-time connection, denoted by Da, is 
promoted to a 'charged connection' Va by 'minimal coupHng', V a = Da — ieAa. In (|l|) the differential operator is 
given by the term 

ir.V = i7^e,fa^'*Vc7'. (2) 

In order to derive and discuss the consistency conditions for this equation it is useful to translate it first into the 
formaHsm of 2-component spinors as presented in |^. Note that we use these conventions throughout the paper. 
We represent the Dirac spinor valued 1-form tpd as 

i^^ = ( ) • (3) 

\ Xdd'S' J 

The Dirac matrices are represented in the form given in [|| as[^ 

The mass term in (||) is given by i? = Ba"^ ~ rn^^J' where ^ab are the matrices 

lab = \ {lalb - 767a) • (5) 

Represented in terms of 2-component spinors these matrices read 

\ U £ab£r'{A'£b'} J 

Inserting these representations into (Q) we obtain after some calculation the system of equations 

^AB'XBA'^ - ^ BA'XAB'^ ^m(j)A'AB, 
^BA'4>B'A^ - ^AB'<t>A'B^ = ^XAA' B' ■ 

Note, that in the case m — Q the two equations decouple. If we assume for the moment that the space-time is 
Minkowski space and that there is no electromagnetic field present then it is obvious that there is an arbitrariness 
in these equations. We are free to replace xaa'B' and 4>aa'b with xaa'B' + aa'Xb' and 4>aa'b + Vaa'^s for 
arbitrary spinor fields xb' and 4>b without changing the equations. Thus, whenever xaa'B' and 4>aa'b are solutions 
then so are yaA' B' + aa'Xb' and 4>aai b + AA"t'B- This is a well-known property of the massless Rarita-Schwinger 
equations |||, |[ ^. It implies that a solution of the equations for m = can be determined only up to gauge 
transformations of the above form and the equations can be regarded as determining a spin 3/2 field in a 'potential 
modulo gauge' description. 

In the case to the same replacement does not yield a new solution because now the equations imply that xb' 
has to be covariantly constant. So in this case there is no notion of a field being given by a potential modulo gauge 
description. 

The final step in rewriting the Rarita-Schwinger equation is to decompose the fields and the equations into irreducible 
parts. Thus, we write 



(t^AA'B = <^A'AB + £AB <^A' 
XAA'B' ~ TAA'B' + £A'B' Ta 
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where now the fields aAA'B and taa'B' are symmetric in their last pair of indices. Then we obtain the following 
system of spinor equations 

^B'{ATb)A'^ -yA'{ATB)=m(7A'AB, (7) 

^bb'T^^'a' +i^BA'T'' ^-6maA', (8) 

^BiA''7B')A^ - ^AiA'f^B') = rUTAA'B', (9) 

VsS'Cr^'^A + aVAS'ff^' = -6mTA. (10) 

This is the set of equations we will analyse in the following sections. 



III. 3 + 1 DECOMPOSITION 



In order to find the basic propagation properties of this system of equations we need to perform a 3 + 1-splitting of 
the system. This is done as usual using the space-spinor formalism To this end we fix a timelike vectorfield t^^ , 
normalised by tat° = 2, so that tAA't^^ — £a^ ■ We use this vectorfield to 'convert the primed indices to unprimed 
ones'. Thus, for instance, we write the field taa' b' as 

tc '^B '''AA' B' = tABC + '^^AiC'^B) (H) 

where Iabc is totally symmetric in all its indices. Similarly, the field (Ja'AB yields two irreducible parts sabc and sa 
and we set a a = crA't^ A- The derivative operator Vaa' can be written in the form 

Vaa' = tAA'd - t^dAc ti'^AA' = eabO + Oab- 

It is enough for our purposes to assume that the underlying space-time is Minkowski space and that there is no 
electromagnetic field present. Then we can arrange for the time-like vector field to be covariantly constant. This 
has the consequence that all derivatives of the vector field vanish and that the differential operators d and Bab 
commute. 

Inserting these decompositions into (f7|-[lo|) yields six equations which we group into four evolution equations 



dtABC + d(^A^tBC)D - di^AB (^c) ~ Tc)) = -mSABC, (12) 

d (tA + ta) - ^Oab {t^ + T^) - IdAB it^ -T^)=m [sa - oa) , (13) 

dsABC - d{A^SBC)D + d(AB (sc) ~ <^C)) = -mtABC, (14) 

d {sa + (Ja) + IdAB (s'' + fT^) + pAB (s'' - (T^) = m {tA - ta) (15) 
and two constraint equations 

= Ta = d^^tBCA + 2dAB {t^ + T^) + 3m (rxA + sa) ■ (16) 

= Sa = d^^SBCA + 2dAB {s^ + T^) - 3m {Ia + ta) ■ (17) 
Now we can see the peculiar behaviour of this system: 



• We only get propagation equations for the sums + t^ and s^ -\- while the differences — t^ and s"^ — cr^ 
do not evolve. Since they are not present in the constraints either we conclude that they are not determined by 
the system. 

• The evolution equations are symmetric hyperbolic which is easily verified. The characteristics for the first 
equation are the light cone and a timelike cone in the interior of the light cone, which is also the characteristic 
for the second equation. Therefore, for any values of the difference fields the Cauchy problem for the evolution 
equations is well-posed. Note, that if we would impose the condition that the difference fields should be linearly 
dependent on the sum of the fields then we can change the characteristics of the system in an almost arbitrary 
way. However, this should be taken as an additional hint that the difference of the fields is in a sense an 
unphysical feature of the equations. 

• In the case m = the equations decouple into two sets consisting of two evolution equations and one constraint 
each. Let us consider the three equations ([l^),(p!3|) and (p^. Here again, the difference t^ — T^ is not determined 
by the equations. The gauge transformation mentioned in sect. II now translate into the transformations 

tABC '-^ tABC + d(ABXC), ^ A i"^ ^ A - f + 5 9aB X"^ - TA '-^ -TA - OxA + Oacx'^ ■ 
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One can use this gauge transformation to make ta = (so that the original field xaa'B' is symmetric in its 
primed indices) . This yields a system of two evolution equations and one constraint equation which has a well- 
posed Cauchy problem (see e.g. 10). In this way the indeterminacy in the system can be circumvented and 
one can still make sense of the equations. This argument can be generalized to Ricci flat space-times. 

• Taking a time derivative of Ta and Sa, commuting derivatives and using the evolution equations yields after 
some calculation the equations 

dTA - IOabT^ + mSA = -Gm'^TA, (18) 
dSA + \dABS^ + tuTa = -emV^. (19) 

This shows that in the case m ^ the constraints do not propagate unless the flelds ta and a a vanish. Hence, 
the flelds xaa'B' and 4>aa'B have to be restricted by the algebraic condition of symmetry in the primed resp. 
unprimed indices which is formulated in terms of the Dirac spinor valued 1-form tjjd as 7"V'a — 0. 



IV. CONSISTENCY CONDITIONS 

The algebraic condition emerging in the previous section and the fact that there are consistency conditions in the 
massless case indicate that there are likely to exist such conditions also in this case. Our aim in this section is to derive 
these conditions for the flelds which occur when we try to impose the system of equations upon them on an arbitrarily 
curved manifold and for a given exterior electromagnetic fleld. To this end we take further covariant derivatives of 
the equations, commute them in order to introduce curvature terms and try to eliminate all second order derivatives 
of the flelds. If this is possible we will end up with an algebraic relation between the flelds, the curvature and the 
exterior electromagnetic fleld. 

For later convenience we introduce the notation 



\^ AA' 1^ BB'] = SAB^A'B' + £A'B''^ABi 



(20) 



where, in contrast to the curvature derivations Dab and Da'S' here also contain the electromagnetic fleld Fab- 
We flrst take a derivative of (|^). 



mVc'^ CA'BA = Vc'^ Vs'(atb)A'^ - Vc'^ ^ a'IATb) 



-£c{a^^ ^ tb)A'B' + Vb'(aVc'^ tb)a'^ + Vca'V"^ {a^b) 



— -£c{A^^ ^ TB}A'B' 



h'^AB' 



y? A' B' 



h'^BB' 



Y7 -4' B' 
Vc TAA' 



^£c{aOtb) + Dc(bt. 



A) 



Now we use (0) and (^ to obtain 

mWc^ (JA'BA = -EciAO"^ ^ tb)a'B' + ^£c{aOtb) + DcibTa) 



h'^AB' 



-V^ (cTb) - ma^ bc - Sesc (ma^ 



Y7 B'D 

y D T 



I'^BB' 



{cTA) - ma^ AC - Seac (ma^ + V 
= -EciA^"^ ^ tb)a'B' + ^£c{aOtb) + □c(bta) 

- jEAicOTB) - ^nA(cTB) ~ \mVAB'(y^ BC - ^£BC {mVAB'CT^ + ^B'A^^ D'' 

- jeB(cOTA) - ^Db{cTa) - ^mVBB'Cr^ AC - ^£ac [mVBB'Cf^ + ^bb'^^ d' 
Collecting appropriate terms we get 



.D 



mVc^ (JA'BA + m\7B'(B<7^ A)c - imec^A^ B)B"y^ = 

^ec(AOTB) - \Uabtc + \Uc(atb) + ^eciA^^ b)B'^^' dt° 



riA'B'^ 
■ £c(aIJ Tb)A'B' 



-£C{A 



□ 



A'B' 



tb)A'B' + j£c{aOtb) - ^Oabtc - jSc{aOtb) + ^ec{AOB)DT^ 



^C{A 



□ 



A'B' 



tb)A'B' — 2Dabtc + 2Dc{atb}- 
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Rewriting the left hand side yields 

- mec{B (^^^'"crB'A)D + S\7A)B'<y^'^ = -£c{aO'^''^'tb)A'B' - '^Dabtc + 2Dc{aTb)- 

Using ( |lo|) we get 

6m'^ec(BT'A) = -~£c{aO^ ^ tb)a'b' - "^Dabtc + 2ac(ATB), (21) 
which is equivalent to its contraction 

6m^TA = -U^'^'taa'B' + 2nAsT^, (22) 

We could also have taken a derivative of (||) and gone through the same procedure. Then we would have ended up 
with exactly the same relation as above. Introducing now the explicit form of the curvature derivations we obtain the 
consistency conditions 

Qm^TA = ^a^^'^'tba'B' - 6ArA + ieF^' tbA' B' ~ ^icFabt^ ■ (23) 

This relation couples the values of the fields ta and taa' b' with the curvature and the extrinsic electromagnetic field 
if there should be one. A similar relation holds for the fields ua' and uaa'B- It is not immediately obvious that such 
relations should exist because this depends very much on the detailed structure of the equation in question. 



V. DISCUSSION 

Let us now discuss the relation ( |2^ ) for various special cases. Suppose we are in Minkowski space and suppose 
that (@-^o|) hold. Since all the commutators vanish we necessarily recover the condition 

GrnVs = 0. (24) 

Thus, either we have = or = 0. So if we insist on a massive field then this field cannot have a component tb 
and the spinor field xbb'A' must be symmetric in its last pair of indices. On the other hand, in the massless case, we 
may admit the part tb but it does not play a role. Instead it corresponds to the gauge freedom discussed in sect. II. 

Focussing now on a massive field in a general space-time with an electromagnetic field we have tb — and ( |2^ ) 
reduces to 

n as BA'B' I • jpA'B' 

= 3>A TBA'B'+^eF TBA'B', 

which has to hold for all values of the field tba'B'- This is a severe algebraic restriction on the field and/or the 
electromagnetic and curvature fields. Looking back at the evolution equations (p^), ( p^ we see that these are 
symmetric hyperbolic evolution equations for the field tba'B' which will be uniquely determined given data on 
an initial hypersurface. These data are subject to the constraint (^6|). We have not checked the propagation of 
the constraints in the general case but it is rather likely, that propagation of the constraints is guaranteed by the 
consistency conditions derived above. 

Thus, if we insist on having the full freedom in specification of initial data then the consistency condition has to 
hold for arbitray tba' b' and this then implies that 

(i) the space-time is an Einstein manifold, ^abA'B', 

[a) the electromagnetic field vanishes. Fab — 0. 

While the first consequence is familiar from the massless case, the second consequence is new. It implies that it 
is impossible to couple a Rarita-Schwinger field to an electromagnetic field in a consistent way. Thus, the acausal 
propagation properties attributed to that system are not really there, because the system cannot be set up in a 
consistent way. This result is independent of the curvature of the space-time i.e., even in a fiat background one cannot 
have an electromagnetic field present. 
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